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ABSTRACT. After a review of symmetries and classical solutions involved in
the AdS3/CFT2 correspondence, we apply a similar analysis to asymptotically
flat spacetimes at null infinity in 3 and 4 dimensions. In the spirit of two di-
mensional conformal field theory, the symmetry algebra of asymptotically flat
spacetimes at null infinity in 4 dimensions is taken to be the semi-direct sum of
supertranslations with infinitesimal local conformal transformations and not, as
usually done, with the Lorentz algebra. As a first application, we derive how
the symmetry algebra is realized on solution space. In particular, we work out
the behavior of Bondi’s news tensor, mass and angular momentum aspects under
local conformal transformations.
aResearch Director of the Fund for Scientific Research-FNRS. E-mail: gbarnich@ulb.ac.be
b Research Fellow of the Fund for Scientific Research-FNRS. E-mail: ctroessa@ulb.ac.be
2 BARNICH, TROESSAERT
Contents
1 Introduction 3
2 Asymptotically AdS3 spacetimes in Fefferman-Graham form 5
2.1 Asymptotic symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Solution space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 Conformal properties of solution space . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Centrally extended surface charge algebra . . . . . . . . . . . . . . . . . . . . . 10
3 BMS3/CFT1 correspondence 12
3.1 Asymptotic symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Solution space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Conformal properties of solution space . . . . . . . . . . . . . . . . . . . . . . . 17
3.4 Centrally extended surface charge algebra . . . . . . . . . . . . . . . . . . . . . 17
4 BMS4/CFT2 correspondence 18
4.1 Asymptotically flat 4-d spacetimes at null infinity . . . . . . . . . . . . . . . . . 18
4.2 bms4 Lie algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.3 Solution space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.4 Realization of bms4 on solution space . . . . . . . . . . . . . . . . . . . . . . . 33
5 Conclusion and outlook 35
Acknowledgments 36
BMS/CFT CORRESPONDENCE 3
1 Introduction
When studying dualities between string or gravitational theories in anti-de Sitter back-
grounds and conformal theories on their boundaries [1], the 3-dimensional case is espe-
cially interesting. Indeed, the symmetries of asymptotically AdS spacetimes [2, 3, 4]
provide a representation of the algebra of conformal Killing vectors of the flat bound-
ary metric. In 3 spacetime dimensions, this algebra is infinite-dimensional and powerful
techniques of 2-dimensional conformal field theory are available.
Historically, the first example where the asymptotic symmetry group is enhanced with
respect to the isometry group of the background metric and becomes infinite-dimensional
is the one of asymptotically flat 4-dimensional spacetimes at null infinity [5, 6, 7]. In this
case, the induced metric is 2-dimensional because the boundary is a null surface. The
asymptotic symmetry group of non singular transformations is the well-known Bondi-
Metzner-Sachs group. It consists of the semi-direct product of the group of globally
defined conformal transformations of the unit 2-sphere, which is isomorphic to the or-
thochronous homogeneous Lorentz group, times the infinite-dimensional abelian normal
subgroup of so-called supertranslations.
There is a further enhancement when one focuses on infinitesimal transformations
and does not require the associated finite transformations to be globally well-defined.
The symmetry algebra is then the semi-direct sum of the infinitesimal local conformal
transformations of the 2-sphere with the abelian ideal of supertranslations, and now both
factors are infinite-dimensional [8].
A first hint on what the symmetry algebra of asymptotically flat spacetimes at null
infinity might be, independently of precise fall-off conditions on the metric, can be ob-
tained by solving the Killing equations to leading order. This has been done in [9] in all
dimensions greater than 3. In 4 dimensions, the infinite-dimensional nature of the con-
formal factor of the bms4 algebra has been emphasized. In 3 dimensions, the asymptotic
symmetry algebra bms3, originally derived in [10, 11], has been recovered. The algebra
of surface charges has been shown to provide a centrally extended representation of bms3
which has been related by a contraction, similiar to that from so(2, 2) to iso(2, 1), to the
centrally extended Poisson bracket algebra of surface charges of asymptotically anti-de
Sitter spacetimes in 3 dimensions.
The aim of the present work is to reconsider from the point of view of local conformal
transformations the 4-dimensional case which is, in some sense at least, of direct physical
relevance. In particular, we provide a detailed derivation of the natural generalization of
the bms4 algebra discussed above. No modification of well studied boundary conditions
is needed and the transformations are carefully distinguished from conformal rescalings.
A major motivation for our investigation comes from Strominger’s derivation [12]
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of the Bekenstein-Hawking entropy for black holes that have a near horizon geome-
try that is locally AdS3 by using the Brown-Henneaux analysis of the surface charge
algebra of asymptotically anti-de Sitter spacetimes at spatial infinity. More recently,
a similar analysis has been used to derive the Bekenstein-Hawking entropy of an ex-
treme 4-dimensional Kerr black hole [13]. One of our hopes is to make progress along
these lines in the non extreme case, either directly from an analysis at null infinity or
by making a similar analysis at the horizon, as discussed previously for instance in
[14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26].
Related work includes [27, 28] on asymptotic quantization where for instance the im-
plications of supertranslations for the gravitationalS-matrix have been discussed. Asymp-
totically flat spacetimes at null infinity in higher spacetime dimensions have been investi-
gated for instance in [29, 30, 31, 32], while various aspects of holography in 4 dimensions
have been studied in some details in [33, 34, 35, 36, 37, 38, 39]. In particular, a symmetry
algebra of the kind that we derive and study here has been conjectured in [40].
This paper is organized as follows. Asymptotically AdS3 spacetimes in Fefferman-
Graham form are briefly reviewed in the next section in order to illustrate the approach
adopted for the asymptotically flat case in a well-studied situation. In order to be self-
contained, we include details of the computations. The section is based on results orig-
inally derived and discussed for instance in [41, 3, 42, 43, 44, 45, 46, 47, 48, 49, 50]:
in particular, for asymptotically AdS3 spacetimes in the sense of Fefferman-Graham, the
gauge is completely fixed as all subleading orders of the asymptotic Killing vectors are
uniquely determined; furthermore, the general solution of the equations of motion can be
written down in closed form for an arbitary boundary metric. We then compute how the
local conformal algebra in 2 dimensions is realized on solution space and analyze how
this realization is probed by a covariant version of the Brown-Henneaux charge algebra.
A novel result in this context concerns the representation of the local conformal al-
gebra and its abelian extension by conformal rescalings in terms of spacetime vectors
equipped with a new, modified Dirac-type Lie bracket taking into account the metric de-
pendence of the asymptotic Killing vectors due to the gauge fixing.
In section 3, we re-analyze asymptotically flat spacetimes at null infinity in 3 dimen-
sions. We start by rederiving their symmetries in the form suggested by the analysis of
the 4 dimensional case by Sachs and by the Fefferman-Graham analysis of asymptotically
AdS spacetimes in 3 dimensions. In particular, we discuss the extended symmetry alge-
bra and its representation in terms of spacetime vectors equipped with the modified Lie
bracket. Furthermore, we provide the general solution to the equations of motions. We
then analyze how bms3 is realized on solution space and how this realization is probed by
the centrally extended covariant surface charge algebra.
In the main section 4 on asymptotically flat spacetimes at null infinity in 4 spacetime
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dimensions, we derive the asymptotic algebra and prove the main result on local confor-
mal transformations announced in [8]. In order to do so, we follow closely the original
analysis of Bondi, Metzner and Sachs [5, 6, 7], but as suggested by the geometrical anal-
ysis of Penrose [51], we allow for an arbitrary conformal factor in the boundary metric.
More precisely, by allowing meromorphic functions on the Riemann sphere, we show that
the asymptotic symmetry algebra involves instead of the Lorentz algebra two copies of
the Witt algebra that act in a natural way on the abelian ideal of supertranslations. By re-
stricting ourselves to exact isometries of Minkowski spacetime, we identify the Poincare´
subalgebra of bms4. We show how the asymptotic symmetry algebra is represented by
the spacetime vectors equipped with the modified Lie bracket and generalize these results
to the extended algebra including conformal rescalings of the boundary metric.
We then turn to a detailed discussion of solution space by mostly following [52, 53].
Under appropriate assumptions, the arbitrary functions which arise as integration con-
stants in the general solution to the equations of motion are identified. They involve in
particular the so-called news tensor together with the mass and angular momentum as-
pects. We include a discussion of the leading logarithmic term and generalize existing
results by allowing the conformal factor to explicitly depend on time.
The second main result consists in deriving the transformation properties under the
asymptotic symmetry algebra bms4 of some of the fields characterizing the solutions. In
particular, conformal dimensions and central charges under local conformal transforma-
tions of the news tensor, the mass and angular momentum aspects are worked out.
2 AsymptoticallyAdS3 spacetimes in Fefferman-Graham
form
The Fefferman-Graham form for the line element of a 3 dimensional asymptotically anti-
de Sitter spacetime is
ds2 =
l2
r2
dr2 + gAB(r, x
C) dxAdxB, (2.1)
with gAB = r2γ¯AB(xC) + O(1), where γ¯AB is a conformally flat 2-dimensional metric.
For explicit computations we will sometimes choose the parametrization γ¯AB = e2ϕηAB
with ϕ(xC) and ηAB the flat metric on the cylinder, ηABdxAdxB = −dτ 2 + dφ2, τ = 1l t.
2.1 Asymptotic symmetries
The transformations leaving this form of the metric invariant are generated by vector
fields satisfying
Lξgrr = 0 = LξgrA, LξgAB = O(1), (2.2)
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which implies{
ξr = −1
2
ψr,
ξA = Y A + IA, IA = − l2
2
∂Bψ
∫∞
r
dr′
r′
gAB = − l2
4r2
γ¯AB∂Bψ +O(r
−4),
(2.3)
where Y A is a conformal Killing vector of γ¯AB, and thus of ηAB, while ψ = D¯AY A is the
conformal factor.
Indeed, the inverse to metric (2.1) is
gµν =
(
r2
l2
0
0 gAB
)
where gABgBC = δAC . From Lξgrr = 0, we find ξr = Ar for some A(xC). From
LξgrA = 0 we find ∂rξA = −gAB l2r ∂BA so that ξA = Y A + IA for some Y A(xC)
and where IA = l2∂BA
∫∞
r
dr′ gABr′−1. Finally, LξgAB = O(1) requires Y A to be a
conformal Killing vector of γ¯AB and A = −12ψ.
Let Ŷ A = [Y1, Y2]A, ψ̂ = D¯AŶ A, denote by δgξ1ξ
µ
2 the change induced in ξ
µ
2 (g) due to
the variation δgξ1gµν = Lξ1gµν and define
[ξ1, ξ2]
µ
M = [ξ1, ξ2]
µ − δgξ1ξµ2 + δgξ2ξµ1 . (2.4)
For vectors ξ1, ξ2 given in (2.3), we have
[ξ1, ξ2]
r
M = −
1
2
ψ̂r, [ξ1, ξ2]
A
M = Ŷ
A + ÎA,
where ÎA denotes IA with ψ replaced by ψ̂.
Indeed, for the r component, we have δgξ1ξ
r
2 = 0 and the result follows by direct com-
putation of the Lie bracket. Similarily, limr→∞[ξ1, ξ2]AM = Ŷ A. Finally, using ∂rξr = 1rξ
r
and ∂rξA = − l2r2∂BξrgBA a straightforward computation shows that ∂r([ξ1, ξ2]AM) =
− l2
r2
∂B([ξ1, ξ2]
r
M)g
BA
, which gives the result. It thus follows that on an asymptotically
anti-de Sitter spacetime in the sense of Fefferman-Graham (solving or not Einstein’s equa-
tions with cosmological constant):
The spacetime vectors (2.3) equipped with the bracket [·, ·]M form a faithful represen-
tation of the conformal algebra.
By conformal algebra, we mean here the direct sum of 2 copies of the Witt algebra.
Furthermore, since δgξ1ξ
r
2 = 0, δ
g
ξ1
ξA2 = O(r
−4), it follows that these vectors form a
representation of the conformal algebra only up to terms of order O(r−4) when equipped
with the standard Lie bracket.
In terms of light-cone coordinates, x± = τ±φ, 2∂± = ∂∂τ ±
∂
∂φ
, we have γ¯ABdxAdxB =
−e2ϕdx+dx−, and if,
Y ±(x±)∂± =
∑
n∈Z
cn±l
±
n , l
±
n = −(x±)n+1∂±, (2.5)
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the algebra in terms of the basis vectors l±n reads
[l±m, l
±
n ] = (m− n)l±m, [l±m, l∓n ] = 0. (2.6)
More generally, one can also consider the transformations that leave the Fefferman-
Graham form of the metric invariant up to a Weyl rescaling of the boundary metric γ¯AB.
They are generated by spacetime vectors such that
Lξgrr = 0 = LξgrA, LξgAB = 2ωgAB +O(1). (2.7)
It is then straightforward to see that the general solution is given by the vectors (2.3),
where ψ is replaced by ψ˜ = ψ − 2ω. When equipped with the modified Lie bracket
[·, ·]M these vectors now form a faithful representation of the extension of the two di-
mensional conformal algebra defined by elements (Y, ω) and the Lie bracket (Ŷ , ω̂) =
[(Y1, ω1), (Y2, ω2)],
Ŷ A = Y B1 ∂BY
A
2 − Y B2 ∂BY A1 , ω̂ = 0, (2.8)
with ω(xC) arbitrary and Y A conformal Killing vectors of γ¯AB and thus also of ηAB . The
asymptotic symmetry algebra is then the direct sum of the abelian ideal of elements of
the form (0, ω) and of 2 copies of the Witt algebra.
Indeed, we have limr→∞(1r [ξ1, ξ2]
r
M) = −12Y A1 ∂Aψ˜2 + ∂Cω1Y C2 + (1 ↔ 2) = −12 ψ̂
and ∂r(1r [ξ1, ξ2]
r
M) = 0, while the proof for the A-component is unchanged.
2.2 Solution space
Let us now start with an arbitrary metric of the form (2.1), without any assumptions on
the behavior in r and let kAB = 12g
ACgCB,r. One can then define KAB through the relation
kAB =
1
r
δAB +
1
r3
KAB . We have
Γrrr = −
1
r
, ΓrrA = 0, Γ
A
rr = 0,
ΓrAB = −
r2
l2
kAB, Γ
A
rB = k
A
B, Γ
A
BC =
(2)ΓABC ,
where (2)ΓABC denotes the Christoffel symbol associated to the 2-dimensional metric gAB,
which is used to lower indices on kAB . If KTAB denotes the traceless part of KAB , the
equations of motion are organized as follows
gABGAB − 2
l2
= 0⇐⇒ ∂rK = −r−3(1
2
K2 +KT
A
BK
T B
A), (2.9)
GAB − 1
2
gABg
CDGCD = 0⇐⇒ ∂rKT AB = −r−3KKTAB, (2.10)
GrA ≡ r−3((2)DBKBA − ∂AK) = 0, (2.11)
Grr − 1
l2
grr ≡ 1
2
[
r−6(
1
2
K2 −KTABKTBA) + 2r−4K −
l2
r2
(2)R
]
= 0. (2.12)
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Combining the Bianchi identities 2(
√−gGβα),β +
√−gGβγgβγ,α ≡ 0 with the covariant
constancy of the metric, we get the identities
2(
r
l
√
|(2)g|GrA),r + 2( l
r
√
|(2)g|gBC [GCA − 1
l2
gCA]),B+
+
l
r
√
|(2)g|(GBC − 1
l2
gBC)g
BC
,A ≡ 0, (2.13)
(r
l
√
|(2)g|[Grr − 1
r2
]
)
,r
+ (
l
r
√
|(2)g|gBAGAr),B+
+
1
l
√
|(2)g|[Grr − 1
r2
]− l
r
√
|(2)g|(GAB − 1
l2
gAB)k
AB ≡ 0. (2.14)
To solve the equations of motion, we first contract (2.10) with KTBA , which gives
∂r(K
TA
BK
TB
A) = −2r−3KKTABKTBA .
If we assume KTABKT
B
A =
1
2
K2, we can take the sum and difference with (2.9) to get
∂r(K +K) = −1
2
r−3(K +K)2, ∂r(K −K) = −1
2
r−3(K −K)2,
which can be solved in terms of 2 integration “constants” C(xB), D(xB)
K = − 1
C + 1
2
r−2
− 1
D + 1
2
r−2
, KT
A
BK
TB
A =
(D − C)2
2(C + 1
2
r−2)2(D + 1
2
r−2)2
.
When used in (2.10), we find
KT
A
B = A
T A
B(
1
C + 1
2
r−2
− 1
D + 1
2
r−2
), AT
A
BA
TB
A =
1
2
,
and can now reconstruct the metric from the equation ∂rgAB = 2gACkCB . Defining Θ =
1
D
+ 1
C
, Ω = 1
D
− 1
C
, we get
gAB = r
2γ¯AB
[
1 +
1
2r2
Θ+
1
16r4
(Θ2 + Ω2)
]
+ ATAB
[
Ω +
1
4r2
ΘΩ
]
, (2.15)
where γ¯AB are additional integration constants, restricted by the condition that γ¯AB is
symmetric, of signature−1. The index on ATAB is lowered with γ¯AB, with ATAB requested
to be symmetric. It follows that ATAB contains only 1 additional independent integration
constant. Writing gAB = r2γ¯AB + γAB, with γAB = γ̂AB + o(r0), we have KAB =
−γ̂AB + o(r0) where the index on γ̂AB has been lifted with γ¯AB , the inverse of γ¯AB.
When (2.9) and (2.10) are satisfied, the Bianchi identity (2.13) implies that r
√
|(2)g|GrA
does not depend on r. The equation of motion (2.11) then reduces to the condition
D¯B γ̂
B
A − ∂Aγ̂ = 0, (2.16)
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where γ̂ = γ̂AA . When this condition holds in addition to (2.9) and (2.10), the remain-
ing Bianchi identity (2.14) implies that r2
√
|(2)g|[Grr − 1r2 ] does not depend on r. The
equation of motion (2.12) then reduces to the condition
γ̂ = − l
2
2
R¯, (2.17)
and also from the leading contribution to K that Θ = − l2
2
R¯. The constraint (2.16) then
becomes
D¯B γ̂
TB
A = −
l2
4
∂AR¯. (2.18)
To solve this equation, one uses light-cone coordinates, x± = τ ± φ, 2∂± = ∂∂τ ±
∂
∂φ
and the explicit parameterization γ¯ABdxAdxB = −e2ϕdx+dx−. This gives
γ̂ = −4l2e−2ϕ∂+∂−ϕ ⇐⇒ γ̂+− = l2∂+∂−ϕ, (2.19)
while the general solution to (2.18) is
γ̂±± = l
2
[
Ξ±±(x
±) + ∂2±ϕ− (∂±ϕ)2
]
, (2.20)
with Ξ±±(x±) 2 arbitrary functions of their arguments. Using (2.15), one then gets
AT±±Ω = γ̂±±, A
T
+− = 0, Ω
2 = 16e−4ϕγ̂++γ̂−−.
In other words, one can choose ϕ(x+, x−),Ξ±±(x±) as coordinates on solution space and,
by expressing (2.15) in terms of these coordinates, we have shown that
The general solution to Einstein’s equations with metrics in Fefferman-Graham form
is given by
gABdx
AdxB =
(
− e2ϕr2 + 2γ̂+− − r−2e−2ϕ(γ̂2+− + γ̂++γ̂−−)
)
dx+dx−+
+ γ̂++(1− r−2e−2ϕγ̂+−)(dx+)2 + γ̂−−(1− r−2e−2ϕγ̂+−)(dx−)2, (2.21)
with γ̂AB defined in equations (2.19) and (2.20).
For instance, in these coordinates, the BTZ black hole[54, 55] is determined by ϕ = 0
and
Ξ±± = 2G(M ± J
l
). (2.22)
2.3 Conformal properties of solution space
By construction, the finite transformations generated by the spacetime vectors (2.3) leave
the Fefferman-Graham form invariant, and furthermore transform solutions to solutions.
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Using light-cone coordinates and the parametrization γ¯ABdxAdxB = −e2ϕdx+dx−,
we have {
ξr = −1
2
ψr, ψ = ∂+Y
+ + ∂−Y
− + 2∂+ϕY
+ + 2∂−ϕY
−,
ξ± = Y ± + l
2e−2ϕ
2r2
∂∓ψ +O(r
−4),
and get
Lξg±± ≈ l2
[
Y ±∂±Ξ±± + 2∂±Y
±Ξ±± − 1
2
∂3±Y
±
]
+ O(r−2),
Lξg+− ≈ O(r−2).
(2.23)
It follows that the local conformal algebra acts on solution space as
− δΞ±± = Y ±∂±Ξ±± + 2∂±Y ±Ξ±± − 1
2
∂3±Y
±, (2.24)
and with δϕ = 0. Note that the overall minus sign is convential and choosen so that
δΞ±± ≡ δY Ξ±± satisfies [δY1 , δY2 ]Ξ±± = δ[Y1,Y2]Ξ±±.
More generally, when considering the extension of the conformal algebra discussed
at the end of section 2.1, we find that
Lξg±± ≈ l2
[
Y ±∂±Ξ±± + 2∂±Y
±Ξ±± − 1
2
∂3±Y
±+
+ ∂2±ω − 2∂±ϕ∂±ω
]
+O(r−2),
Lξg+− ≈ 2ω(−r
2
2
e2ϕ) + l2∂+∂−ω +O(r
−2),
and thus, that the extended algebra acts on solution space as in (2.24) with in addition
−δϕ = ω.
2.4 Centrally extended surface charge algebra
Let us take
ϕ = 0. (2.25)
in this section. In fact, starting from a Fefferman-Graham metric (2.1) with γ¯AB = e2ϕηAB
one can obtain such a metric with vanishing ϕ(xC) through the finite coordinate transfor-
mation generated by ξr = −ϕr and ξA = −l2∂Bϕ
∫∞
r
dr′
r′
gAB(x, r′) since Lξgrr = 0 =
LξgrA and LξgAB = −2ϕgAB.
The background metric is then
ds¯2 = −r2dτ 2 + l
2
r2
dr2 + r2dφ2. (2.26)
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Furthermore,
Y + = Y τ + Y φ, Y − = Y τ − Y φ, Λ = γ̂++ + γ̂−−, Σ = γ̂++ − γ̂−−,
and gABdxAdxB = −r2dτ 2 + r2dφ2 + hABdxAdxB with
hττ ≈ Λ(x) +O(r−2) ≈ hφφ, hτφ ≈ Σ(x) +O(r−2),
∂τΛ = ∂φΣ, ∂τΣ = ∂φΛ.
(2.27)
For the surface charges, we follow [56], up to a global change of sign, and use the
expression
Qξ[g − g¯, g¯] =
∫
∂Σ
√−g¯
16piG
(dn−2x)µν
[
ξνD¯µh− ξνD¯σhµσ + ξσD¯νhµσ
+
1
2
hD¯νξµ +
1
2
hνσ(D¯µξσ − D¯σξµ)− (µ↔ ν)
]
. (2.28)
Here
(dn−kx)νµ =
1
k!(n− k)!νµα1...αn−2dx
α1 ∧ · · · ∧ dxαn−2 , 01...n−1 = 1,
with n = 3 and the surface of integration ∂Σ is taken to be the circle at infinity. This
gives
Qξ[g − g¯, g¯] = 1
16piG
lim
r→∞
∫ 2pi
0
rdφ
[
ξr(D¯τh− D¯σhτσ + D¯rhτr − D¯τhrr)
− ξτ (D¯rh− D¯σhrσ − D¯rhττ + D¯τhrτ ) + ξφ(D¯rhτφ − D¯τhrφ) +
1
2
h(D¯rξτ − D¯τξr)
+
1
2
hrσ(D¯τξσ − D¯σξτ )− 1
2
hτσ(D¯rξσ − D¯σξr)
]
. (2.29)
Using
D¯τh− D¯σhτσ + D¯rhτr − D¯τhrr = r−2γ¯AB(D¯AhτB − D¯τhAB) = r−4(∂φhτφ − ∂τhφφ),
D¯rh− D¯σhrσ − D¯rhττ + D¯τhrτ =
1
l2
(∂rhφφ − 1
r
hττ ),
D¯rhτφ − D¯τhrφ = −
1
l2
(∂rhτφ − 1
r
hτφ)
D¯rξτ − D¯τξr = 2r
l2
Y τ − 1
r
∂τψ +O(r
−3),
1
2
hrσ(D¯τξσ − D¯σξτ )− 1
2
hτσ(D¯rξσ − D¯σξr) = 1
rl2
hτAY
A +
1
4r
hAτ ∂Aψ +O(r
−3),
we find explicitly
Qξ[g − g¯, g¯] = 1
16piGl2
lim
r→∞
∫ 2pi
0
dφ (2Y τhφφ + 2Y
φhτφ)
≈ 1
8piGl2
∫ 2pi
0
dφ (Y τΛ + Y φΣ) =
1
8piG
∫ 2pi
0
dφ (Y +Ξ++ + Y
−Ξ−−). (2.30)
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The considerations of [56] suggest that these charges form a representation of the
conformal algebra, or more precisely, that
Qξ1 [Lξ2g, g¯] ≈ Q[ξ1,ξ2]M [g − g¯, g¯] +Kξ1,ξ2, (2.31)
Kξ1,ξ2 = Qξ1 [Lξ2 g¯, g¯], [ξ1, ξ2]M = [ξ1, ξ2] + δgξ1ξ2 − δgξ2ξ1. (2.32)
An asymtotic Killing vector of the form (2.3) depends on the metric, ξ = ξ[x, g] and
δgξ1ξ2 = ξ2[x,Lξ1g]. From δgξ1ξτ2 = O(r−4) and δgξ1ξφ2 = O(r−4), it follows that only the
Lie bracket [ξ1, ξ2] contributes on the right hand side,Q[ξ1,ξ2]M [g−g¯, g¯] = Q[ξ1,ξ2][g−g¯, g¯].
Using (2.23), (2.27) and integrations by parts in ∂φ and the conformal Killing equation
for Y A1 , Y A2 to evaluate the left hand side, one indeed finds
Qξ1 [Lξ2g, g¯] ≈ Q[ξ1,ξ2][g − g¯, g¯] +Kξ1,ξ2,
Kξ1,ξ2 =
1
8piG
∫ 2pi
0
dφ (∂φY
τ
1 ∂
2
φY
φ
2 − ∂φY τ2 ∂2φY φ1 ),
(2.33)
where Kξ1,ξ2 is a form of the well-known Brown-Henneaux central charge.
In addition, the covariant expression for the surface charges used above coincides on-
shell with those of the Hamiltonian formalism [56, 57]. In this context, it follows from
the analysis of [58, 59, 3] that the surface charge is, after the Fefferman-Graham gauge
fixation, the canonical generator of the conformal transformations in the Dirac bracket.
3 BMS3/CFT1 correspondence
We consider metrics of the form
ds2 = e2β
V
r
du2 − 2e2βdudr + r2e2ϕ(dφ− Udu)2, (3.1)
or, equivalently,
gµν =
e2βV r−1 + r2e2ϕU2 −e2β −r2e2ϕU−e2β 0 0
−r2e2ϕU 0 r2e2ϕ

with inverse given by
gµν =
 0 −e−2β 0−e−2β −Vr e−2β −Ue−2β
0 −Ue−2β r−2e−2ϕ
 .
Here, ϕ = ϕ(u, φ). Three dimensional Minkowski space is described by ϕ = 0 = β = U
and V = −r. The fall-off conditions are taken as β = O(r−1), U = O(r−2) and V =
−2r2∂uϕ+O(r). In particular, guu = −2r∂uϕ+O(1).
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3.1 Asymptotic symmetries
The transformations leaving this form of the metric invariant are generated by vector
fields such that
Lξgrr = 0 = Lξgrφ, Lξgφφ = 0, (3.2)
Lξgur = O(r−1), Lξguφ = O(1), Lξguu = O(1). (3.3)
Equations (3.2) imply that
ξu = f,
ξφ = Y + I, I = −e−2ϕ∂φf
∫∞
r
dr′ r′−2e2β = −1
r
e−2ϕ∂φf +O(r
−2),
ξr = −r[∂φξφ − ∂φfU + ξφ∂φϕ+ f∂uϕ], (3.4)
with ∂rf = 0 = ∂rY . The first equation of (3.3) then implies that
∂uf = f∂uϕ+ Y ∂φϕ+ ∂φY ⇐⇒ f = eϕ
[
T +
∫ u
0
du′e−ϕ(∂φY + Y ∂φϕ)
]
, (3.5)
with T = T (φ), while the second requires ∂uY = 0 and thus Y = Y (φ), which implies
in turn that the last one is identically satisfied.
The Lie algebra bms3 is determined by two arbitrary functions (Y, T ) on the circle
with bracket [(Y1, T1), (Y2, T2)] = (Ŷ , T̂ ) determined by Ŷ = Y1∂φY2 − (1 ↔ 2) and
T̂ = Y1∂φT2+T1∂φY2− (1↔ 2). Let = = S1×R with coordinates u, φ and consider the
vector fields ξ¯ = f ∂
∂u
+Y
∂
∂φ
with f as in (3.5) and Y = Y (φ). By direct computation, it
follows that these vector fields equipped with the commutator bracket provide a faithful
representation of bms3. Furthermore :
The spacetime vectors (3.4), with f given in (3.5) and Y = Y (φ) form a faithful
representation of the bms3 Lie algebra on an asymptotically flat spacetime of the form
(3.1) when equipped with the modified bracket [·, ·]M .
Indeed, for the u component, there is no modification due to the change in the metric
and the result follows by direct computation. As a consequence, f̂ = [ξ1, ξ2]u(M) corre-
sponds to f in (3.5) with T replaced by T̂ and Y by Ŷ . By evaluating Lξgµν , we find
δξϕ = 0,
δξβ = ξ
α∂αβ +
1
2
[
∂uf + ∂rξ
r + ∂φfU ],
δξU = ξ
α∂αU + U
[
∂uf + ∂φfU − ∂φξφ
]− ∂uξφ − ∂rξφ Vr + ∂φξr e2(β−ϕ)r2 . (3.6)
It follows that {
δgξ1ξ
φ
2 = −e−2ϕ∂φf2
∫∞
r
dr′
r′2
e2β2δξ1β,
δgξ1ξ
r
2 = −r
[
∂φ(δ
g
ξ1
ξφ2 ) + (δ
g
ξ1
ξφ2 )∂φϕ− ∂φf2δξ1U
]
.
(3.7)
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We also have limr→∞[ξ1, ξ2]φM = Ŷ . Using ∂rξφ = e
2(β−ϕ)
r2
∂φf , (3.5) and the expression
of ξr in (3.4), it follows by a straightforward computation that ∂r([ξ1, ξ2]φM) = e
2(β−ϕ)
r2
∂φf̂ ,
which gives the result for the φ component. Finally, for the r component, we need the
relation
∂r(
ξr
r
) = −∂r
(
∂φξ
φ + ξφ∂φf∂φϕ− ∂φfU
)
.
We then have limr→∞
[ξ1,ξ2]rM
r
= −∂φŶ − Ŷ ∂φϕ− f̂∂uϕ, while direct computation shows
that ∂r( [ξ1,ξ2]
r
M
r
) = −∂r
(
∂φ([ξ1, ξ2]
φ
M)− ∂φ([ξ1, ξ2]uM)U + [ξ1, ξ2]φM∂φϕ
)
, which gives the
result for the r component.
More generally, one can also consider the transformations that leave the form of the
metric (3.1) invariant up to a rescaling of ϕ by ω(u, φ). They are generated by spacetime
vectors satisfying
Lξgrr = 0 = Lξgrφ, Lξgφφ = 2ωgφφ, (3.8)
Lξgur = O(r−1), Lξguφ = O(1), Lξguu = −2r∂uω +O(1). (3.9)
Equations (3.8), (3.9) then imply that the vectors are given by (3.4), (3.5) with the re-
placement ∂φY → ∂φY − ω.
With this replacement, the vector fields ξ¯ = f ∂
∂u
+Y
∂
∂φ
on= = S1×R equipped with
the modified bracket provide a faithful representation of the extension of bms3 defined
by elements (Y, T, ω) and bracket [(Y1, T1, ω1), (Y2, T2, ω2)] = (Ŷ , T̂ , ω̂), with Ŷ , T̂ as
before and ω̂ = 0.
Indeed, the result is obvious for the φ component. Furthermore,
δg
ξ¯1
f2 = ω1f2 + e
ϕ
∫ u
0
du′e−ϕ[−ω1(∂φY2 − ω2 + Y2∂φϕ) + Y2∂φω1].
At u = 0, we get [ξ¯1, ξ¯2]uM |u=0 = eϕ|u=0T̂ , while direct computation shows that ∂u([ξ¯1, ξ¯2]uM) =
f̂∂uϕ+ Ŷ ∂φϕ+ ∂φŶ , as it should.
Following the same reasoning as before, one can then also show that the spacetime
vectors (3.4) with the replacement discussed above and equipped with the modified Lie
bracket provide a faithful representation of the extended bms3 algebra.
Indeed, we have ξ = ξ¯ + I ∂
∂φ
+ ξr
∂
∂r
. Furthermore, [ξ1, ξ2]uM = [ξ¯1, ξ¯2]uM = f̂ as it
should. In the extended case, the variations of β, U are still given by (3.6). We then have
limr→∞[ξ1, ξ2]
φ
M = Ŷ and find, after some computations, ∂r([ξ1, ξ2]
φ
M) =
e2(β−ϕ)
r2
∂φf̂ ,
giving the result for the φ component. Finally, we have limr→∞ [ξ1,ξ2]
r
M
r
= −∂φŶ −
Ŷ ∂φϕ − f̂∂uϕ, while direct computation shows that ∂r( [ξ1,ξ2]
r
M
r
) = −∂r
(
∂φ([ξ1, ξ2]
φ
M) −
∂φ([ξ1, ξ2]
u
M)U + [ξ1, ξ2]
φ
M∂φϕ
)
, which gives the result for the r component.
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3.2 Solution space
Following [52], the equations of motion are organized in terms of the Einstein tensor
Gαβ = Rαβ − 12gαβR as
Grα = 0, GAB − 1
2
gABg
CDGCD = 0, (3.10)
Guu = 0 = GuA, (3.11)
gCDGCD = 0, (3.12)
and the Bianchi identities are written as
0 = 2
√−gGβα;β = 2(
√−gGβα),β +
√−gGβγgβγ,α. (3.13)
For a metric of the form (3.1), we have
Γλrr = δ
λ
r 2β,r, Γ
u
λr = 0, Γ
r
φr = β,φ + n, Γ
φ
φr =
1
r
,
Γuφφ = e
−2β+2ϕr, Γφφφ = e
−2β+2ϕUr + ∂φϕ,
Γφur = −
1
r
U + r−2e2β−2ϕ(∂φβ − n), Γuuφ = β,φ − n− e−2β+2ϕrU,
Γrur = −
1
2
(∂r + 2β,r)
V
r
− (β,φ + n)U, Γφφu = ∂uϕ+ U(β,φ − n)− e−2β+2ϕrU2,
Γuuu = 2β,u +
1
2
(∂r + 2β,r)
V
r
+ 2Un + e−2β+2ϕrU2,
Γrφφ = e
−2β+2ϕ(r2∂φU + r
2∂φϕU + r
2∂uϕ+ V ),
Γruφ = −
V,φ
2r
− nV
r
− e−2β+2ϕU [r2∂φU + r2∂φϕU − r2∂uϕ+ V ],
Γφuu = 2Uβ,u +
1
2
U(∂r + 2β,r)
V
r
+ 2U2n+ re−2β+2ϕU3 − U,u − 2∂uϕU
−1
2
e2β−2ϕr−2(∂φ + 2∂φβ)
V
r
− U(∂φ + ∂φϕ)U,
Γruu = −
1
2
(∂u − 2∂uβ)V
r
+
1
2
V
r
(∂r + 2∂rβ)
V
r
+ V re2ϕ−2βU(∂r +
1
r
)U + r2e−2β+2ϕU2∂uϕ
+
1
2
U(∂φ + 2∂φβ)
V
r
+
1
2
r2e−2β+2ϕU(∂φ + 2∂φϕ)U,
where the notation n = 1
2
r2e2ϕ−2β∂rU has been used.
We start with Grr = 0. From
Grr = Rrr =
2
r
∂rβ,
we find β = 0 by taking the fall-off conditions into account. From
Grφ = Rrφ = (∂r +
1
r
)n +
1
r
∂φβ,
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we then obtain, by using the previous result, that n = N
r
where the integration constant
N = N(u, φ). Using the definition of n, we get U = −r−2e−2ϕN . From Gru = −gφφRφφ
and
Rφφ = e
−2β+2ϕ
(
(∂r − 1
r
)V + 2r∂uϕ+ 2r(∂φ + ∂φϕ)U
)
− 2∂2φβ + 2∂φβ∂φϕ− 2(∂φβ − n)2 − 2∂φϕn+ 2∂φn
= e2ϕ
(
(∂r − 1
r
)V + 2r∂uϕ
)
− 2r−2N2,
we get ∂r(Vr ) = −2∂uϕ+ 2r−3e−2ϕN2 and then
V = −2r2∂uϕ+ rM − r−1e−2ϕN2,
for an additional integration constant M = M(u, φ).
When Grr = Grφ = Gru = 0, the Bianchi identity (3.13) for α = r implies that
Gφφ = 0. This implies in turn that R = 0. The Bianchi identity for α = φ then gives
∂r(rGuφ) = 0. When Guφ = 0, the Bianchi identity for α = u gives ∂r(rGuu) = 0. To
solve the remaining equations of motion, there thus remain only the constraints
lim
r→∞
rRuφ = 0, lim
r→∞
rRuu = 0.
to be fulfilled. From
Ruφ =
1
r
(
−(∂u + ∂uϕ)N + 1
2
∂φM
)
+O(r−2),
we get
N = e−ϕ Ξ(φ) + e−ϕ
∫ u
u0
du˜ eϕ
1
2
∂φM.
while
Ruu =
1
r
(
−1
2
(∂u + 2∂uϕ)M + e
−2ϕ∂u(∂
2
φϕ−
1
2
(∂φϕ)
2)
)
+O(r−2)
implies
M = e−2ϕ[Θ(φ)− (∂φϕ)2 + 2∂2φϕ].
We thus have shown:
For metrics of the form (3.1) with limr→∞ β = 0, the general solution to the equations
of motions is given by
ds2 = suudu
2 − 2dudr + 2suφdudφ+ r2e2ϕdφ2,
suu = e
−2ϕ
[
Θ− (∂φϕ)2 + 2∂2φϕ
]− 2r∂uϕ,
suφ = e
−ϕ
[
Ξ +
∫ u
u0
du˜e−ϕ
[1
2
∂φΘ− ∂φϕ[Θ− (∂φϕ)2 + 3∂2φϕ] + ∂3φϕ
]]
,
(3.14)
where Θ = Θ(φ) and Ξ = Ξ(φ) are arbitrary functions.
BMS/CFT CORRESPONDENCE 17
3.3 Conformal properties of solution space
By computingLξsµν , we find that the asymptotic symmetry algebra bms3 acts on solution
space according to
−δΘ = Y ∂φΘ+ 2∂φYΘ− 2∂3φY,
−δ Ξ = Y ∂φΞ + 2∂φY Ξ + 1
2
T∂φΘ+ ∂φTΘ− ∂3φT,
−δ ϕ = 0.
(3.15)
For the extended algebra, the first two relations are unchanged, while −δϕ = ω.
3.4 Centrally extended surface charge algebra
Let us again take ϕ = 0 in this section. For the surface charges computed at the circle
at infinity u = cte, r = cte → ∞, one starts again from (2.28). The background line
element, which is used to raise and lower indices, is
ds¯2 = −du2 − 2dudr + r2dφ2, (3.16)
This gives
Qξ[g − g¯, g¯] = 1
16piG
lim
r→∞
∫ 2pi
0
rdφ
[
ξr(D¯uh− D¯σhuσ + D¯rhur − D¯uhrr)
− ξu(D¯rh− D¯σhrσ − D¯rhuu + D¯uhru) + ξφ(D¯rhuφ − D¯uhrφ) +
1
2
h(D¯rξu − D¯uξr)
+
1
2
hrσ(D¯uξσ − D¯σξu)− 1
2
huσ(D¯rξσ − D¯σξr)
]
. (3.17)
Using
D¯uh− D¯σhuσ + D¯rhur − D¯uhrr = −
1
r
hur,
D¯rh− D¯σhrσ − D¯rhuu + D¯uhru = −
1
r
huu +
2
r
hur +
1
r2
∂φhuφ,
D¯rhuφ − D¯uhrφ = (
1
r
− ∂r)huφ,
D¯rξu − D¯uξr = −2∂φY +O(1),
1
2
hrσ(D¯uξσ − D¯σξu)− 1
2
huσ(D¯rξσ − D¯σξr) = −2∂φY hur + 1
r
huφY +O(r
−2),
we get
Qξ[g − g¯, g¯] = 1
16piG
lim
r→∞
∫ 2pi
0
dφ
[
(rhur + uhuu)∂φY + huuT + 2huφY
]
≈ 1
16piG
∫ 2pi
0
dφ (ΘT + 2ΞY ). (3.18)
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The surface charges thus provide the inner product that turns the linear spaces of solutions
and asymptotic symmetries into dual spaces. It follows that the solutions that we have
constructed are all non-trivial as different solutions carry different charges.
From δgξ1ξ
u
2 = 0, δ
g
ξ1
ξu2 = O(r
−2) and δgξ1ξ
r
2 = O(r
−1), it follows that only the Lie
bracket [ξ1, ξ2] contributes on the right hand side of (2.31)-(2.32), Q[ξ1,ξ2]M [g − g¯, g¯] =
Q[ξ1,ξ2][g − g¯, g¯]. Using (3.18), (3.15) and integrations by parts in ∂φ to evaluate the left
hand side, one indeed finds
Qξ1 [Lξ2g, g¯] ≈ Q[ξ1,ξ2][g − g¯, g¯] +Kξ1,ξ2 , (3.19)
Kξ1,ξ2 =
1
8piG
∫ 2pi
0
dφ
[
∂φY1(T2 + ∂
2
φT2)− ∂φY2(T1 + ∂2φT1)
]
. (3.20)
where Kξ1,ξ2 is the central charge1.
4 BMS4/CFT2 correspondence
4.1 Asymptotically flat 4-d spacetimes at null infinity
Let x0 = u, x1 = r, x2 = θ, x3 = φ and A,B, · · · = 2, 3. Following mostly Sachs [7] up
to notation, the metric gµν of an asymptotically flat spacetime can be written in the form
ds2 = e2β
V
r
du2 − 2e2βdudr + gAB(dxA − UAdu)(dxB − UBdu) (4.1)
where β, V, UA, gAB(det gAB)−1/2 are 6 functions of the coordinates, with det gAB =
r4b(u, θ, φ) for some fixed function b(u, θ, φ). The inverse to the metric
gµν =
e2β Vr + gCDUCUD −e2β −gBCUC−e2β 0 0
−gACUC 0 gAB

is given by
gµν =
 0 −e−2β 0−e−2β −Vr e−2β −UBe−2β
0 −UAe−2β gAB
 .
The fall-off conditions are
gABdx
AdxB = r2γ¯ABdx
AdxB +O(r), (4.2)
Sachs chooses γ¯AB = 0γAB to be the metric on the unit 2 sphere, 0γABdxAdxB = dθ2 +
sin2 θdφ2 and b = sin2 θ, but the geometrical analysis by Penrose [51] suggests to be
1Due to a change of conventions, some sign errors remain in section 2 of the published version of [9].
See the latest arxiv version for corrections.
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somewhat more general and use a metric that is conformal to the latter, for instance,
γ¯ABdx
AdxB = e2ϕ(dθ2+sin2 θdφ2), with ϕ = ϕ(u, xA). We will choose the determinant
condition more generally to be b(u, xA) = detγ¯AB. In particular, in the above example,
on which we now focus, b = e4ϕ sin2 θ.
The rest of the fall-off conditions are given by
β = O(r−2), V/r = −2rϕ˙− e−2ϕ + ∆¯ϕ+O(r−1), UA = O(r−2). (4.3)
Here, a dot denotes the derivative with respect to u, D¯A denotes the covariant deriva-
tive with respect to γ¯AB. We denote by Γ¯ABC the associated Christoffel symbols and by
∆¯ the associated Laplacian. Similiarily, 0DA, 0ΓABC , 0∆ correspond to 0γAB. Note that
gABgBC = δ
A
C and that the condition on the determinant implies
gAB∂rgAB = 4r
−1,
gAB∂ugAB = γ¯
AB∂uγ¯AB = 4ϕ˙,
gAB∂CgAB = γ¯
AB∂C γ¯AB = 0γ
AB∂C 0γAB + 4∂Cϕ,
(4.4)
where γ¯ABγ¯BC = δAC = 0γAB0γBC . In terms of the metric and its inverse, the fall-off
conditions read
guu = −2rϕ˙− e−2ϕ + ∆¯ϕ+O(r−1), gur = −1 +O(r−2), guA = O(1),
grr = 0 = grA, gAB = r
2γ¯AB +O(r),
gur = −1 +O(r−2), guu = 0 = guA,
grr = 2rϕ˙+ e−2ϕ − ∆¯ϕ+O(r−1), grA = O(r−2), gAB = r−2γ¯AB +O(r−3).
With the choice ϕ = 0, Sachs studies the vector fields that leave invariant this form of
the metric with these fall-off conditions. More precisely, he finds the general solution to
the equations
Lξgrr = 0, LξgrA = 0, LξgABgAB = 0, (4.5)
Lξgur = O(r−2), LξguA = O(1), LξgAB = O(r), Lξguu = O(r−1). (4.6)
For arbitrary ϕ, the general solution to (4.5) is given by
ξu = f,
ξA = Y A + IA, IA = −f,B
∫∞
r
dr′(e2βgAB),
ξr = −1
2
r(ψ + χ− f,BUB + 2f∂uϕ),
(4.7)
with ∂rf = 0 = ∂rY A and where ψ = D¯AY A, χ = D¯AIA. This gives the expansions{
ξu = f, ξA = Y A − r−1f,B γ¯BA +O(r−2),
ξr = −r(fϕ˙+ 1
2
ψ) + 1
2
∆¯f +O(r−1).
(4.8)
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The first equation of (4.6) then implies that
f˙ = fϕ˙+
1
2
ψ ⇐⇒ f = eϕ[T + 1
2
∫ u
0
du′e−ϕψ
]
, (4.9)
with T = T (θ, φ), while the second requires ∂uY A = 0 and thus Y A = Y A(θ, φ). The
third one implies that Y A is a conformal Killing vector of γ¯AB and thus also of 0γAB. The
last equation of (4.6) is then satisfied without additional conditions. For the computation,
one uses that ∆¯ = e−2ϕ0∆ and ψ = 0ψ+2Y A∂Aϕ, with 0ψ = 0DAY A and the following
properties of conformal Killing vectors Y A on the unit 2-sphere,
20DB0DCYA = 0γCA0DB0ψ+0γAB0DC0ψ−0γBC0DA0ψ+2YC0γBA−2YA0γBC , (4.10)
where the indices on Y A are lowered with γ¯AB. This implies in particular 0∆Y A = −Y A
and also that 0∆0ψ = −20ψ.
4.2 bms4 Lie algebra
By definition, the algebra bms4 is the semi-direct sum of the Lie algebra of conformal
Killing vectors Y A ∂
∂xA
of the unit 2-sphere with the abelian ideal consisting of functions
T (xA) on the 2-sphere. The bracket is defined through
(Ŷ , T̂ ) = [(Y1, T1), (Y2, T2)],
Ŷ A = Y B1 ∂BY
A
2 − Y B1 ∂BY A2 ,
T̂ = Y A1 ∂AT2 − Y A2 ∂AT1 +
1
2
(T1 0ψ2 − T2 0ψ1).
(4.11)
Let = = R × S2 with coordinates u, θ, φ. On =, consider the scalar field ϕ and the
vectors fields ξ¯(ϕ, T, Y ) = f ∂
∂u
+Y A
∂
∂xA
, with f given in (4.9) and Y A an u-independent
conformal Killing vector of S2. It is straightforward to check that these vector fields form
a faithful representation of bms4 for the standard Lie bracket.
Consider then the modified Lie bracket
[ξ1, ξ2]M = [ξ1, ξ2]− δgξ1ξ2 + δgξ2ξ1, (4.12)
where δgξ1ξ2 denotes the variation in ξ2 under the variation of the metric induced by ξ1,
δgξ1gµν = Lξ1gµν ,
Spacetime vectors ξ of the form (4.7), with Y A(xB) a conformal Killing vectors of
the 2-sphere and f(u, xB) satisfying (4.9) provide a faithful representation of bms4 when
equipped with the modified Lie bracket [·, ·]M .
Indeed, for the u component, there is no modification due to the change in the metric
and the result follows by direct computation: [ξ1, ξ2]u(M) = f̂ , where f̂ corresponds to f
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in (4.9) with T replaced by T̂ and Y by Ŷ . By evaluating Lξgµν , we find
δξϕ = 0,
δξβ = ξ
α∂αβ +
1
2
[
∂uf + ∂rξ
r + ∂AfU
A
]
,
δξU
A = ξα∂αU
A + UA(∂uf + ∂BfU
B)− ∂BξAUB
−∂uξA − ∂rξAVr + ∂BξrgABe2β .
(4.13)
It follows that {
δgξ1ξ
A
2 = −∂Bf2
∫∞
r
dr′e2β(2δξ1βg
AB + LξgAB),
δgξ1ξ
r
2 = −12r
[
D¯A(δ
g
ξ1
ξA2 )− ∂Af2δξ1UA
]
.
We have limr→∞[ξ1, ξ2]AM = Ŷ A and, using ∂rξA = gABe2β∂Bf , (4.9) together with the
expression of ξr in (4.8), it follows by a straightforward computation that ∂r([ξ1, ξ2]AM) =
gABe2β∂B f̂ , which gives the result for the A components. Finally, for the r component,
we need
∂r(
ξr
r
) = −1
2
(
∂rχ− ∂Bf∂rU
)
.
We then find limr→∞ [ξ1,ξ2]
r
M
r
= −1
2
(ψ̂ + 2f̂∂uϕ), where ψ̂ corresponds to ψ with Y A
replaced by Ŷ A, while ∂r( [ξ1,ξ2]
r
M
r
) = −1
2
(∂rχ̂ − ∂B f̂∂rUB), where χ̂ corresponds to χ
with f replaced by f̂ . This gives the result for the r component and concludes the proof.
In terms of the standard complex coordinates ζ = eiφ cot θ
2
, the metric on the sphere
is conformally flat,
dθ2 + sin2 θdφ2 = P−2dζdζ¯, P (ζ, ζ¯) =
1
2
(1 + ζζ¯), (4.14)
and, since conformal Killing vectors are invariant under conformal rescalings of the met-
ric, the conformal Killing vectors of the unit sphere are the same as the conformal Killing
vectors of the Riemann sphere.
Depending on the space of functions under consideration, there are then basically two
options which define what is actually meant by bms4.
The first choice consists in restricting oneself to globally well-defined transformations
on the unit or, equivalently, the Riemann sphere. This singles out the global conformal
transformations, also called projective transformations, and the associated group is iso-
morphic to SL(2,C)/Z2, which is itself isomorphic to the proper, orthochronous Lorentz
group. Associated with this choice, the functions T (θ, φ), which are the generators of the
so-called supertranslations, have been expanded into spherical harmonics. This choice
has been adopted in the original work by Bondi, van der Burg, Metzner and Sachs and
followed ever since, most notably in the work of Penrose and Newman-Penrose [51, 60],
where spin-weighted spherical harmonics and the associated “edth” operator have made
their appearance. After attempts to cut this group down to the standard Poincare´ group,
it has been taken seriously as an invariance group of asymptotically flat spacetimes. Its
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consequences have been investigated, but we believe that it is fair to say that this version
of the BMS group has had only a limited amount of success.
The second choice that we would like to advocate here is motivated by exactly the
same considerations that are at the origin of the breakthrough in two dimensional confor-
mal quantum field theories [61]. It consists in focusing on local properties and allowing
the set of all, not necessarily invertible holomorphic mappings. In this case, Laurent series
on the Riemann sphere are allowed. The general solution to the conformal Killing equa-
tions is Y ζ = Y (ζ), Y ζ¯ = Y¯ (ζ¯), with Y and Y¯ independent functions of their arguments.
The standard basis vectors are choosen as
ln = −ζn+1 ∂
∂ζ
, l¯n = −ζ¯n+1 ∂
∂ζ¯
, n ∈ Z (4.15)
At the same time, let us choose to expand the generators of the supertranslations in terms
of
Tm,n = P
−1ζmζ¯n, m, n ∈ Z. (4.16)
In terms of the basis vector ll ≡ (ll, 0) and Tmn = (0, Tmn), the commutation relations
for the complexified bms4 algebra read
[lm, ln] = (m− n)lm+n, [l¯m, l¯n] = (m− n)l¯m+n, [lm, l¯n] = 0,
[ll, Tm,n] = (
l + 1
2
−m)Tm+l,n, [l¯l, Tm,n] = ( l + 1
2
− n)Tm,n+l.
(4.17)
The bms4 algebra contains as subalgebra the Poincare´ algebra, which we identify with
the algebra of exact Killing vectors of the Minkowski metric equipped with the standard
Lie bracket.
Indeed, these vectors form the subspace of spacetime vectors (4.7) for which (i) β =
0 = UA = ϕ while V = −r and gAB = 0γAB and (ii) the relations in (4.6) hold with 0
on the right hand sides. The former implies in particular that IA = −1
r 0
γAB∂Bf , while a
first consequence of the latter is that the modified Lie bracket reduces the standard one.
Besides the previous conditions that Y A is an u-independent conformal Killing vector
of the 2-sphere, LY 0γAB = 0DCY C 0γAB and f = T + 12u 0ψ with T,u = 0 = T,r, we
find the additional constraints
0DA∂B 0ψ + 0DB∂A 0ψ = 0γAB 0∆ 0ψ, (4.18)
0DA∂BT + 0DB∂AT = 0γAB 0∆T, ∂AT = −1
2
∂A(0∆T ). (4.19)
In the coordinates ζ, ζ¯, these constraints are equivalent to ∂3Y = 0 = ∂¯3Y¯ and ∂2T˜ =
0 = ∂¯2T˜ , where T = P−1T˜ and ∂ = ∂
∂ζ
, ∂¯ = ∂
∂ζ¯
, so that the complexified Poincare´
algebra is spanned by the generators
l−1, l0, l1, l¯−1, l¯0, l¯1, T0,0, T1,0, T0,1, T1,1, (4.20)
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and the non vanishing commutation relations read
[l−1, l0] = −l−1, [l−1, l1] = −2l0, [l0, l1] = −l1,
[l−1, T1,0] = −T0,0, [l−1, T1,1] = −T0,1, [l¯−1, T0,1] = −T0,0, [l¯−1, T1,1] = −T1,0,
[l0, T0,0] =
1
2
T0,0, [l0, T0,1] =
1
2
T0,1, [l0, T1,0] = −1
2
T1,0, [l0, T1,1] = −1
2
T1,1,
[l¯0, T0,0] =
1
2
T0,0, [l¯0, T0,1] = −1
2
T0,1, [l¯0, T1,0] =
1
2
T1,0, [l¯0, T1,1] = −1
2
T1,1,
[l1, T0,0] = T1,0, [l1, T0,1] = T1,1, [l¯1, T0,0] = T0,1, [l¯1, T1,0] = T1,1.
(4.21)
In particular for instance, the generators for translations can be written as 1
2
(T1,1+T0,0) =
1, 1
2
(T1,1 − T0,0) = cos θ, 12(T1,0 + T0,1) = sin θ cosφ, 12i(T1,0 − T0,1) = sin θ sin φ. Note
that in order for the asymptotic symmetry algebra to contain the Poincare´ algebra as a
subalgebra, it is essential not to restrict the generators of supertranslations to the sum of
holomorphic and antiholomorphic functions on the Riemann sphere.
The considerations above apply for all choices of ϕ which is freely at our disposal.
In the original work of Bondi, van der Burg, Metzner and Sachs, and in much of the
subsequent work, the choice ϕ = 0 was preferred. From the conformal point of view, the
choice
ϕ = ln [
1
2
(1 + ζζ¯)] (4.22)
is interesting as it turns γ¯AB into the flat metric on the Riemann sphere with vanishing
Christoffel symbols,
γ¯ABdx
AdxB = dζdζ¯. (4.23)
In this case, ψ = ∂AY A,
f = T˜ +
1
2
uψ, (4.24)
with T˜ = PT . In terms of T˜ , we get instead of the last of (4.11)
̂˜
T = Y A1 T˜2 +
1
2
T˜1∂AY
A
2 − (1↔ 2). (4.25)
In terms of generators, the algebra (4.17) is unchanged if one now expands the super-
translations T˜ directly in terms of T˜m,n = ζmζ¯n.
More generally, one can also consider the transformations that leave the form of the
metric (4.1) invariant up to a conformal rescaling of gAB, i.e., up to a rescaling of ϕ by
ω(u, xA). They are generated by spacetime vectors satisfying
Lξgrr = 0, LξgrA = 0, LξgABgAB = 4ω, (4.26)
Lξgur = O(r−2), LξguA = O(1), LξgAB = 2ωgAB +O(r),
Lξguu = −2rω˙ − 2ωe−2ϕ + 2ω∆¯ϕ+O(r−1). (4.27)
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Equations (4.26), (4.27) then imply that the vectors are given by (4.7) and (4.9) with
the replacement ψ → ψ − 2ω.
With this replacement, the vector fields ξ¯ = f ∂
∂u
+ Y A
∂
∂xA
on = = R×S2 equipped
with the modified bracket provide a faithful representation of the extension of bms4 de-
fined by elements (Y, T, ω) and bracket [(Y1, T1, ω1), (Y2, T2, ω2)] = (Ŷ , T̂ , ω̂), with Ŷ , T̂
as before and ω̂ = 0.
Indeed, the result is obvious for the A components. Furthermore,
δg
ξ¯1
f2 = ω1f2 +
1
2
eϕ
∫ u
0
du′e−ϕ[−ω1(ψ2 − 2ω2) + 2Y A2 ∂Aω1].
At u = 0, we get [ξ¯1, ξ¯2]uM |u=0 = eϕ|u=0T̂ , while direct computation shows that ∂u([ξ¯1, ξ¯2]uM) =
f̂ ϕ˙+ 1
2
D¯BŶ
B
, as it should.
Following the same reasoning as before, one can then also show that the spacetime
vectors (4.7) with the replacement discussed above and equipped with the modified Lie
bracket provide a faithful representation of the extended bms4 algebra.
Indeed, we have ξ = ξ¯ + IA ∂
∂xA
+ ξr
∂
∂r
. Furthermore, [ξ1, ξ2]uM = [ξ¯1, ξ¯2]uM = f̂
as it should. In the extended case, the variations of β, UA are still given by (4.13). We
then have limr→∞[ξ1, ξ2]AM = Ŷ A and find, after some computations, ∂r([ξ1, ξ2]AM) =
gABe2β∂B f̂ , giving the result for the A components. Finally, for the r component, we
find limr→∞ [ξ1,ξ2]
r
M
r
= −1
2
(ψ̂ + 2f̂ ϕ˙), while ∂r( [ξ1,ξ2]
r
M
r
) = −1
2
(∂rχ̂− ∂B f̂∂rUB), which
concludes the proof.
In order to make contact with the original literature, we have choosen the conformal
factor with respect to the unit sphere, γ¯AB = e2ϕ 0γAB. Computations could have been
simplified and the derivation of algebra (4.17) would have been streamlined by introduc-
ing the conformal factor directly with respect to the flat metric, γ¯ABdxAdxB = e2ϕ˜dζdζ¯,
with ϕ˜(u, ζ, ζ¯) = ϕ− lnP , as presented in [8]. In this case, the determinant condition is
taken as b = 1
4
e4ϕ˜, while the boundary condition that involves the conformal factor now
reads
V
r
= −2r∂uϕ˜+ ∆¯ϕ˜+O(r−1), (4.28)
where ∆¯ϕ˜ = 4e−2ϕ˜∂∂¯ϕ˜ with ∂ = ∂ζ , ∂¯ = ∂ζ¯ .
4.3 Solution space
We start by assuming only that we have a metric of the form (4.1) and that the determinant
condition holds. Following again [52], the equations of motion are organized in terms of
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the Einstein tensor Gαβ = Rαβ − 12gαβR as
Grα = 0, GAB − 1
2
gABg
CDGCD = 0, (4.29)
Guu = 0 = GuA, (4.30)
gCDGCD = 0. (4.31)
Due to the form of the metric and the determinant condition, equation (4.31) is a conse-
quence of (4.29) on account of the Bianchi identities. Indeed, the latter can be written
as
0 = 2
√−gGβα;β = 2(
√−gGβα),β +
√−gGβγgβγ,α. (4.32)
When (4.29) hold and α = 1, we get GABgAB,r = 0 = 12gABgAB,rgCDGCD. This implies
that (4.31) holds by using (4.4).
The remaining Bianchi identities then reduce to 2(√−gGβA),β = 0 = 2(
√−gGβu),β.
The first gives (r2GuA),r = 0. This means that if r2GuA = 0 for some constant r, it
vanishes for all r. When GuA = 0, the last Bianchi identity reduces to (r2Guu),r = 0, so
that again, r2Guu = 0 everywhere if it vanishes for some fixed r.
Let kAB = 12gAB,r, lAB =
1
2
gAB,u, nA =
1
2
e−2βgABU
B
,r with indices on these variables
and on UA lowered and raised with the 2 dimensional metric gAB and its inverse. Define
KAB through the relation kAB = 1rδ
A
B +
1
r2
KAB . In particular, the determinant condition
implies that k = 2
r
and thus that KDD = 0. Similarily, if lDB = 12 γ¯
DAγ¯AB,u +
1
r
LDB , the
determinant condition implies in particular that LDB is traceless, LDD = 0. Note that for a
traceless 2× 2 matrix MTAB , we have MT ACMT CB = 12MT
C
DM
T D
C δ
A
B .
26 BARNICH, TROESSAERT
For a metric of the form (4.1), we have
Γλrr = δ
λ
r 2β,r, Γ
u
λr = 0, Γ
r
Ar = β,A + nA, Γ
A
Br = k
A
B,
ΓuAB = e
−2βkAB, Γ
A
BC = e
−2βUAkBC +
(2)ΓABC ,
ΓAur = −kABUB + e2β(∂Aβ − nA), ΓuuA = β,A − nA − e−2βkABUB ,
Γrur = −
1
2
(∂r + 2β,r)
V
r
− (β,A + nA)UA,
ΓABu = l
A
B +
1
2
(2)DAUB − 1
2
(2)DBU
A + UA(β,B − nB)− e−2βkBCUAUC ,
Γuuu = 2β,u +
1
2
(∂r + 2β,r)
V
r
+ 2UAnA + e
−2βkABU
AUB ,
ΓrAB = e
−2β(
1
2
(2)DAUB +
1
2
(2)DBUA + lAB + kAB
V
r
),
ΓruA = −
(V,A
2r
+
V
r
nA + e
−2βUB[
1
2
(2)DAUB +
1
2
(2)DBUA + lAB +
V
r
kAB]
)
,
ΓAuu = 2U
Aβ,u +
1
2
UA(∂r + 2β,r)
V
r
+ 2UAnBU
B + UAkBCe
−2βUBUC
−UA,u − 2lABUB −
1
2
e2β(∂A + 2∂Aβ)
V
r
− 1
2
(2)DA(UCUC),
Γruu = −
1
2
(∂u − 2β,u)V
r
+
1
2
V
r
(∂r + 2β,r)
V
r
+
1
2
UA(∂A + 2β,A)
V
r
+ 2
V
r
UAnA
+
V
r
e−2βkABU
AUB + e−2βlABU
AUB + e−2βUAUB(2)DAUB.
To write the equations of motion, we use that |(4)g| = e4β|(2)g| and
Rµν =
[
∂α + (2β +
1
2
ln |(2)g|),α
]
Γαµν − ∂µ∂ν(2β +
1
2
ln |(2)g|)− ΓανβΓβµα.
The equation Grr ≡ Rrr = 0 then becomes
∂rβ = − 1
2r
+
r
4
kABk
B
A =
1
4r3
KABK
B
A ⇐⇒ β = −
∫ ∞
r
dr′
1
4r′3
KABK
B
A . (4.33)
This equation determines β uniquely in terms of gAB because the fall-off condition (4.3)
excludes the arbitrary function of u, xA allowed by the general solution to this equation.
The equations GrA ≡ RrA = 0 read
∂r(r
2nA) = JA,
JA = r
2(∂r − 2
r
)β,A − (2)DBKBA = ∂A(−2rβ +
1
4r
KBCK
C
B )− (2)DBKBA .
(4.34)
In the original approach [5, 6], it was assumed in particular that the metric gAB admits an
expansion in terms of powers of r−1 starting at order r2. We will assume
gAB = r
2γ¯AB + rCAB +DAB +
1
4
γ¯ABC
C
DC
D
C + o(r
−), (4.35)
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where indices on CAB, DAB are raised with the inverse of γ¯AB. In [52], it was then shown
explicitly how (4.35) is related to the conformal approach [51, 62] and imposed through
differentiability conditions at null infinity.
Under the assumption (4.35), CDD = 0 = DCC and
KAB = −
1
2
CAB − r−1DAB + o(r−1−),
β = − 1
32
r−2CABC
B
A −
1
12
r−3CABD
B
A + o(r
−3−),
JA =
1
2
D¯BC
B
A + r
−1D¯BD
B
A + o(r
−1−).
(4.36)
These equations then imply nA = 12r
−1D¯BC
B
A + r
−2(ln rD¯BD
B
A + NA) + o(r
−2−) and
involve the arbitrary functions NA(u, xB) as integration “constants”. Because UA has to
vanish for r →∞, we get from the definition of nA
UA = −1
2
r−2D¯BC
BA − 2
3
r−3
[
(ln r +
1
3
)D¯BD
BA − 1
2
CABD¯CC
CB +NA
]
+ o(r−3−ε),
(4.37)
where the index on NA has been raised with γ¯AB .
It is straightforward to verify that if one trades the coordinate r for s = r−1, the only
non vanishing components of the “unphysical” Weyl tensor at the boundary are given by
lim
s→0
(s2WsAsB) = −DAB, (4.38)
(see e.g. [53] for a detailed discussion). In [6], the condition DAB = 0 was imposed in
order to avoid a logarithmic r-dependence in the solution to the equations of motion and
to avoid singularities on the unit sphere. When one dispenses with this latter restriction,
absence of a logarithmic r-dependence is guaranteed through the requirement D¯BDBA =
0. In the coordinates ζ, ζ¯ and with the parametrization γ¯ABdxAdxB = e2ϕ˜dζdζ¯, this is
equivalent to
Dζζ = d(u, ζ), Dζ¯ ζ¯ = d¯(u, ζ¯), Dζζ¯ = 0. (4.39)
A more complete analysis of the field equations when allowing for a logarithmic or, more
precisely, a “polyhomogeneous” dependence in r can be found in [63].
Starting from
RAB = (∂r + 2β,r +
2
r
)ΓrAB − kCAΓrBC − kCBΓrAC + (2)RAB − 2(2)DBβ,A
+ (∂u + 2β,u + l)Γ
u
AB − ΓuuAΓuuB − ΓrrAΓrrB
− ΓCuAΓuBC − ΓCuBΓuAC + (2)DC(e−2βUCkAB)
− e−4βUCkBDUDkAC + 2e−2ββ,CUCkAB,
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we find
gDARAB = e
−2β
[
(∂r +
2
r
)(lDB + k
D
B
V
r
+
1
2
(2)DBU
D +
1
2
(2)DDUB)
+ kDA
(2)DBU
A − kAB(2)DAUD + (∂u + l)kDB + (2)DC(UCkDB )
]
+ (2)RDB − 2((2)DB∂Dβ + ∂Dβ∂Bβ + nDnB). (4.40)
When taking into account the previous equations, Gur ≡ Rur + 12e2βR = 0 reduces
to gABRAB = 0. Explicitly, we find from the trace of (4.40)
∂rV = J,
J = e2βr2((2)∆β + ∂Dβ∂Dβ + n
DnD − 1
2
(2)R)− 2rl − r
2
2
(∂r +
4
r
)(2)DBU
B
= −2rl + e2βr2[(2)∆β + (nA − ∂Aβ)(nA − ∂Aβ)
−(2)DAnA − 1
2
(2)R
]− 2r(2)DBUB
= −2rl − 1
2
R¯ + o(r−1−),
(4.41)
where we have used the previous equation to get the second line. This equation implies
V
r
= −rl − 1
2
R¯ + r−12M + o(r−1−), (4.42)
and implies a third arbitrary function of M(u, xB) as integration constant.
We have GAB− 12gABgCDGCD = RAB− 12gABgCDRCD. Taking into account the pre-
vious equations, it thus reduces to the condition that the traceless part of (4.40) vanishes.
Using that ∂ukDB = ∂rlDB − 2(lDAkAB − kDA lAB), we get
(∂r +
1
r
)lDB − (lDAkAB − kDA lAB) +
1
2
kDB l =
− 1
2
[
(∂r +
2
r
)(kDB
V
r
+
1
2
(2)DBU
D +
1
2
(2)DDUB)
+ kDC
(2)DBU
C − kCB (2)DCUD + (2)DC(UCkDB )
]
+ e2β
[
nDnB +
(2)DB∂
Dβ + ∂Dβ∂Bβ − 1
2
(2)RDB
]
.
The various definitions then give
∂rL
D
B −
1
r2
(LDAK
A
B −KDALAB) = JDB , (4.43)
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where
JDB = −
r
2
[
(∂r +
2
r
)(kDB
V
r
+
1
2
(2)DBU
D +
1
2
(2)DDUB)
+ kDC
(2)DBU
C − kCB (2)DCUD + (2)DC(UCkDB )
]
+
+ re2β
[
nDnB +
(2)DB∂
Dβ + ∂Dβ∂Bβ − 1
2
(2)RDB
]
− 1
2
γ¯DAγ¯AB,u − r
2
kDB l
− 1
2r
(KDA γ¯
AC γ¯CB,u − γ¯DC γ¯CA,uKAB). (4.44)
The previous equations imply
JDB = −
1
2
(∂rk
D
B+
1
r
kDB )V−
r2
2
kDB e
2β
[
(2)∆β+(nA−∂Aβ)(nA−∂Aβ)−(2)DAnA−1
2
(2)R
]
− 1
2
((2)DBU
D + (2)DDUB)− rUC (2)DCkDB +
r
2
kDC (
(2)DCUB − (2)DBUC)
+
r
2
kCB(
(2)DCU
D − (2)DDUC) + r
2
(2)DCU
CkDB
+ re2β
[
(nD − ∂Dβ)(nB − ∂Bβ) + (2)DB∂Dβ − 1
2
((2)RDB +
(2)DBn
D + (2)DDnB)
]
− 1
2
γ¯DAγ¯AB,u +
r
2
kDB l −
1
2r
(KDA γ¯
AC γ¯CB,u − γ¯DC γ¯CA,uKAB).
Let ODABC = − 1r2 (KDC δAB − δDCKAB) and AR denote anti-radial ordering. Equation
(4.43) without right-hand side has the same form as the Schro¨dinger equation with time
dependent Hamiltonian. If we define
UDABC (r<, r>) = AR exp [−
∫ r>
r<
dr′ODABC (r′)], (4.45)
the solution to the inhomogeneous equation (4.43) with non-vanishing JBD can then be
obtained by variation of constants and reads
LDB (r) = U
DA
BC (r,∞)[
1
2
NCA +
∫
dr′UCEAF (∞, r′)JFE (r′)], (4.46)
and involves two more integration constants encoded in NDB (u, xB).
In other words, the r-dependence of gAB,u is completely determined up to two inte-
gration constants. It follows that the only variables left in the theory whose r-dependence
is undetermined are the two functions contained in EAB(u0, r, xC) = gAB(u0, r, xC) −
r2γ¯AB(u0, x
C)− rCAB(u0, xC)−DAB(u0, xC)− 14 γ¯ABCCDCDC at some initial fixed u0.
When expanding into orders in r, one finds in particular
LDB =
1
2
(γ¯DACAB,u − CDAγ¯AB,u) + 1
2
r−1
[
γ¯DA∂u(DAB +
1
4
γ¯ABC
C
DC
D
C )
− CDACAB,u −DDAγ¯AB,u + 1
4
CEF C
F
E γ¯
DAγ¯AB,u
]
+ o(r−1−),
JDB =
1
2
δDB l −
1
2
γ¯DAγ¯AB,u +
1
4
r−1[CDAγ¯AB,u − γ¯DC γ¯CA,uCAB ]
+
1
2
r−2[lDDB +D
DAγ¯AB,u − γ¯DC γ¯CA,uDAB] + o(r−2+).
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When injecting into the equation of motion (4.43), the leading order requires that
γ¯AB,u = lγ¯AB, (4.47)
or, in other words, that the only u dependence in γ¯AB is contained in the conformal factor.
This agrees with the assumption of section 4.1, where the u-dependence of γ¯AB was
contained in exp 2ϕ and l = 2∂uϕ, and also with the discussion at the end of the previous
subsection, where it was contained in exp 2ϕ˜ and l = 2∂uϕ˜. In the following we always
assume that (4.47) holds. In particular, this implies
LDB =
1
2
(γ¯DACAB,u − lCDB ) +
1
2
r−1[γ¯DADAB,u − CDACAB,u
− lDDB +
1
2
CEF∂uCEF δ
D
B ] + o(r
−1−),
JDB =
1
2
r−2lDDB + o(r
−2+).
When taking into account the next order of (4.43) and comparing to the general solution
(4.46), we get
∂uDAB = 0, NAB = ∂uCAB − CABl, (4.48)
where the index on NAB has been lowered with γ¯AC . This implies in turn that
lAB =
1
2
lδAB +
1
2
r−1NAB −
1
4
r−2[CACN
C
B −NACCCB + 2lDAB] + o(r−2−).
At this stage, equations (4.29) have been solved, and then (4.31) holds automatically
on account of the Bianchi identities. Furthermore gCDGCD = 0 reduces to Rur = 0 and
we also have R = 0. Under these assumptions, we only need to discuss the r independent
part of r2GuA = 0 and then of r2Guu = 0, which reduce to r2RuA = 0 and r2Ruu = 0,
respectively. The r-independent part fixes the u dependence of NA and M in terms of the
other fields. Explicitly,
RuA = (−∂u + l)β,A − ∂Al − (∂u + l)nA
+ nB
(2)DBUA − β,B(2)DAUB + 2UB(β,Bβ,A + nBnA)
+ (2)DB
[
lBA +
1
2
(2)DBUA − 1
2
(2)DAU
B + UB(β,A − nA)
]
+ 2nBl
B
A
− (∂r + 2β,r + 2
r
)(
V,A
2r
)− V
r
(∂r +
2
r
)nA + k
B
A(
V,B
r
+ 2
V
r
nB)
− e−2β(∂r + 2
r
)
[
UB(
1
2
(2)DAUB +
1
2
(2)DBUA + lAB +
V
r
kAB)
]
− e−2βUB
[
(∂u + l)kAB − 2lCAkCB − 2kCA lCB − 2kCAkCB
V
r
+ (2)DC(kABU
C)− kAC(2)DCUB − kBC (2)DCUA
]
,
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and the term proportional to r−2 yields
(∂u + l)NA = ∂AM +
1
4
CBA∂BR¯ +
1
16
∂A
[
NBCC
C
B
]− 1
4
D¯AC
C
BN
B
C
− 1
4
D¯B
[
CBCN
C
A −NBCCCA
]− 1
4
D¯B
[
D¯BD¯CC
C
A − D¯AD¯CCBC
]
− 1
32
l∂A
[
CBCC
C
B
]
+
1
16
∂AlC
B
CC
C
B +
1
2
D¯B
[
lDBA
]
. (4.49)
Similarily,
Ruu = (∂u + 2β,u + l)Γ
u
uu + (∂r + 2β,r +
2
r
)Γruu + (∂A + 2β,A +
(2)ΓBBA)Γ
A
uu
− 2β,uu − ∂ul − (Γuuu)2 − 2ΓuuAΓAuu − (Γrur)2 − 2ΓruAΓAur − ΓAuBΓBuA,
and the term proportional to r−2 yields
(∂u +
3
2
l)M = −1
8
NABN
B
A −
1
8
lCABN
B
A −
1
32
l2CABC
B
A +
1
8
∆¯R¯
+
1
4
D¯AD¯CN
CA +
1
8
lD¯AD¯CC
CA +
1
4
D¯C lD¯AC
CA. (4.50)
All these considerations can be summarized as follows:
For a metric of the form (4.1) satisfying the determinant condition and with gAB as in
(4.35), the general solution to Einstein’s equations is parametrized by the 2 dimensional
background metric γ¯AB(u, xC) satisfying (4.47), by the mass and angular momentum
aspects M(u, xA), NA(u, xB) satisfying (4.50),(4.49), by the traceless symmetric news
tensor NAB(u, xC) defined in (4.48), and by the traceless symmetric tensors DAB(xC),
CAB(u0, x
C), EAB(u0, r, x
C).
For such spacetimes, the only non vanishing components of the unphysical Weyl ten-
sor at the boundary are given by (4.38). When logarithmic terms are required to be
absent in the metric, DAB(xC) has to satisfy D¯BDBA = 0. In the coordinates ζ, ζ¯ and the
parametrization γ¯ABdxAdxB = e2ϕ˜dζdζ¯, this leads to (4.39) with d = d(ζ) and d¯ = d¯(ζ¯)
by also taking (4.48) into account.
In particular, let us now use the parametrization γ¯ABdxAdxB = e2ϕ˜dζdζ¯. The deter-
minant condition then reads det gAB = e4ϕ˜ r
4
4
. Even though we will not use it explicitly
below, let us point out that the determinant condition can be implemented for instance by
choosing the Beltrami representation,
h =
gζζ
gζζ¯ + f
, h¯ =
gζ¯ζ¯
gζζ¯ + f
,
gζζ =
2fh
1− y , gζ¯ζ¯ =
2fh¯
1− y , gζζ¯ =
f(1 + y)
1− y ,
gζζ = − 2h¯
f(1− y) , g
ζ¯ζ¯ = − 2h
f(1− y) , g
ζζ¯ =
1 + y
f(1− y) ,
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where f =
√
−(2)g, y = hh¯, with f = r2
2
e2ϕ˜ fixed, while h = O(r−1) = h¯. Alternatively,
one can choose
gζζ = fe
iα sinh ρ, gζ¯ζ¯ = fe
−iα sinh ρ, gζζ¯ = f cosh ρ,
gζζ = −f−1e−iα sinh ρ, gζ¯ζ¯ = −f−1eiα sinh ρ, gζζ¯ = f−1 cosh ρ,
where ρ = O(r−1) and α = O(r0).
In the parametrization with the conformal factor introduced with respect to the Rie-
mann sphere, we can write
Cζζ = e
2ϕ˜c, Cζ¯ζ¯ = e
2ϕ˜c¯, Cζζ¯ = 0,
Dζζ = d, Dζ¯ ζ¯ = d¯, Dζζ¯ = 0.
(4.51)
Equations (4.36), (4.37) and (4.42) read
β = −1
4
r−2cc¯− 1
3
r−3e−2ϕ˜(dc¯+ d¯c) + o(r−3−),
U ζ = − 2
r2
e−4ϕ˜∂(e2ϕ˜c¯)−
− 2
3r3
[
(ln r +
1
3
)4e−4ϕ˜∂d¯ − 4e−4ϕ˜c¯∂¯(e2ϕ˜c) +N ζ
]
+ o(r−3−),
V
r
= −2r∂uϕ˜+ 4e−2ϕ˜∂∂¯ϕ˜+ r−12M + o(r−1−).
(4.52)
and the evolution equations become
∂u(e
3ϕ˜M) = ∂u
(
eϕ˜
[
∂2c¯+ ∂¯2c+ 2∂ϕ˜∂c¯ + 2∂¯ϕ˜∂¯c + 2∂2ϕ˜c¯+ 2∂¯2ϕ˜c
])
−eϕ˜∂u(eϕ˜c)∂u(eϕ˜c¯) + 2eϕ˜
(
c
[
∂u(∂¯ϕ˜)
2 − ∂u∂¯2ϕ˜
]
+ c¯
[
∂u(∂ϕ˜)
2 − ∂u∂2ϕ˜
])
+e−ϕ˜
(
− 4(∂∂¯)2ϕ˜+ 8[(∂∂¯ϕ˜)2 + ∂ϕ˜∂∂¯2ϕ˜+ ∂¯ϕ˜∂2∂¯ϕ˜− 2∂¯ϕ˜∂ϕ˜∂∂¯ϕ˜]),
∂u(e
2ϕ˜Nζ¯) = e
2ϕ˜
[
∂¯M +
1
4
[
(∂¯c¯+ 5c¯∂¯)∂uc− (3c∂¯ + 7∂¯c)∂uc¯
]
+ 2∂¯ϕ˜(c¯∂uc− c∂uc¯)
−1
2
∂uϕ˜∂¯(cc¯) + ∂¯∂uϕ˜cc¯
]
+ 2(∂∂uϕ˜+ ∂uϕ˜∂)d¯
+∂¯3c+ 2∂¯3ϕ˜c+ 4∂¯2ϕ˜∂¯c− 4∂¯ϕ˜∂¯2ϕ˜c− 4(∂¯ϕ˜)2∂¯c
−∂2∂¯c¯− 2(∂ϕ˜∂ + ∂2ϕ˜)∂¯c¯− 2(∂∂¯ϕ˜− ∂¯ϕ˜∂ − 2∂¯ϕ˜∂ϕ˜)∂c¯
−2(∂2∂¯ϕ˜+ 2∂∂¯2ϕ˜− 2∂¯ϕ˜∂2ϕ˜− 4∂¯ϕ˜∂∂¯ϕ˜)c¯.
(4.53)
Let us now set ϕ˜ = 0. Note that one can re-introduce an arbitrary ϕ˜ through the
finite coordinate transformation generated by ξu = −uϕ˜, ξA = −ξu,B
∫∞
r
dr′(e2βgAB),
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ξr = −1
2
r(∂Aξ
A − 2ϕ˜− f,BUB). The above relations then simplify to
β = −1
4
r−2cc¯− 1
3
r−3(dc¯+ d¯c) + o(r−3−),
U ζ = −2r−2∂c¯− 2
3
r−3
[
(ln r +
1
3
)4∂d¯ − 4c¯∂¯c+N ζ
]
+ o(r−3−),
V
r
= r−12M + o(r−1−),
∂uM =
[
∂2 ˙¯c+ ∂¯2c˙
]− c˙ ˙¯c,
∂uNζ¯ = ∂¯M +
1
4
[
(∂¯c¯+ 5c¯∂¯)c˙− (3c∂¯ + 7∂¯c) ˙¯c]+ ∂¯3c− ∂2∂¯c¯.
(4.54)
When defining M˜ = M − ∂¯2c− ∂2c¯ and N˜ ζ = − 1
12
[2N ζ + 7c¯∂¯c + 3c∂¯c¯], the evolution
equations become
∂uM˜ = −c˙ ˙¯c,
3∂uN˜
ζ = −∂¯M˜ − 2∂¯3c− (∂¯c¯+ 3c¯∂¯)c˙.
(4.55)
4.4 Realization of bms4 on solution space
In order to compute how bms4 is realized on solution space we need to compute the Lie
derivative of the metric on-shell. We will do so for the extended transformations defined
by (4.26)-(4.27) and use −δγ¯AB = 2ωγ¯AB. Let ψ˜ = ψ − 2ω. This gives
− δCAB = [f∂u + LY − 1
2
(ψ˜ + fl)]CAB − 2D¯AD¯Bf + ∆¯fγ¯AB, (4.56)
where (4.48) should be used to eliminate ∂uCAB in favor of NAB and
− δDAB = LYDAB, (4.57)
where we have used that
D¯AD¯CfC
C
B + D¯BD¯CfC
C
A − γ¯ABD¯CD¯CfCCD − ∆¯fCAB = 0,
D¯AfD¯CC
C
B + D¯BfD¯CC
C
A + D¯CfD¯AC
C
B + D¯CfD¯BC
C
A−
−D¯CfD¯CCAB − γ¯ABD¯CfD¯DCCD = 0,
which can be explicitly checked in the parametrization γ¯ABdxAdxB = e2ϕ˜dζdζ¯ with CAB
defined in (4.51). By taking the time derivative of (4.56) and using (4.48), (4.9) with ψ
replaced by ψ˜, one finds the transformation law for the news tensor,
− δNAB = [f∂u + LY ]NAB − (D¯AD¯Bψ˜ − 1
2
∆¯ψ˜γ¯AB)
+
1
4
(2f l˙ + fl2 + ψ˜l − 4ω˙ + 2Y CD¯C l)CAB
+ l(D¯AD¯Bf − 1
2
∆¯fγ¯AB)− f(D¯AD¯Bl − 1
2
∆¯lγ¯AB). (4.58)
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We have guA = 12D¯BC
B
A +
2
3
r−1
[
(ln r + 1
3
)D¯BD
B
A +
1
4
CBA D¯CC
C
B +NA
]
+ o(r−1−),
and by computing LξguA on-shell, we find to leading oder that −δ(D¯BCBA ) = [f∂u +
LY + 12(lf + ψ˜)]D¯BCBA − 12∂B(lf + ψ˜)CBA + ∂Cf(NCA + lCCA )− ∂A(∆¯f)− ∂AfR¯. This
is consistent with (4.56) by using the generalization of (4.10) which reads
2D¯BD¯CYA = γ¯CAD¯Bψ + γ¯ABD¯Cψ − γ¯BCD¯Aψ + R¯YC γ¯BA − R¯YAγ¯BC , (4.59)
and implies ∆¯Y A = −1
2
R¯Y A, ∆¯ψ = −R¯ψ. The logarithmic term gives −δ(D¯BDBA) =
(f∂u + LY + lf + ψ˜)D¯BDBA , which is again consistent with (4.57), while the r−1 terms,
when combined with the previous transformations, give
− δNA = [f∂u + LY + ψ˜ + fl]NA − 1
2
[fD¯Bl + D¯Bψ˜ + (ψ˜ + lf)D¯B]D
B
A
+ 3D¯AfM − 3
16
D¯AfN
B
CC
C
B +
1
2
D¯BfN
B
CC
C
A +
1
32
(D¯Afl − fD¯Al − D¯Aψ˜)(CBCCCB )
+
1
4
(D¯BfR¯+ D¯B∆¯f)C
B
A −
3
4
D¯Bf(D¯
BD¯CC
C
A − D¯AD¯CCBC)
+
1
2
(D¯AD¯Bf − 1
2
∆¯fγ¯AB)D¯CC
CB +
3
8
D¯A(D¯CD¯BfC
CB). (4.60)
Here ∂uNA should be eliminated by using (4.49). In the same way, from the order r−1 of
Lξguu, we get
− δM = [f∂u + Y A∂A + 3
2
(ψ˜ + fl)]M
+
1
4
∂u[D¯CD¯BfC
CB + 2D¯BfD¯CC
CB] +
1
4
[D¯Afl − fD¯Al − D¯Aψ˜]D¯BCBA
+
1
4
∂Af(∂
AR¯− CABD¯Bl) + 1
4
l[D¯CD¯BfC
CB + D¯BfD¯CC
CB], (4.61)
where ∂uM should be replaced by its expression from (4.50).
Let us now discuss these transformations in the parametrization ζ, ζ¯ with ϕ˜ = 0 = ω
so that γ¯ABdxAdxB = dζdζ¯. From the leading and subleading orders of Lξgζζ,Lξgζ¯ζ¯ , we
get
−δc = f c˙+ Y A∂Ac+ (3
2
∂Y − 1
2
∂¯Y¯ )c− 2∂2f,
−δd = Y A∂Ad+ 2∂Y d,
(4.62)
with f given in (4.24) and the complex conjugate relation holding for c¯, d¯. In particular,
for the news function we find
− δc˙ = f c¨+ Y A∂Ac˙ + 2∂Y c˙− ∂3Y, (4.63)
From the subleading term of Lξgrζ and the leading term of Lξguu and we get
− δN˜ ζ = Y A∂AN˜ ζ + (∂Y + 2∂¯Y¯ )N˜ ζ + 1
3
∂(ψd¯)
− ∂¯f(M˜ + 2∂¯2c+ c¯c˙)− f
3
[
∂¯M˜ + 2∂¯3c+ (∂¯c¯+ 3c¯∂¯)c˙
]
, (4.64)
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− δM˜ = −f c˙ ˙¯c+ Y A∂AM˜ + 3
2
ψM˜ + c¯∂3Y + c∂¯3Y¯ + 4∂2∂¯2T˜ . (4.65)
As can be understood by comparing with the 3 dimensional anti-de Sitter and flat
cases, this computation already contains information on the central extensions in the sur-
face charge algebra through the inhomogeneous part of the transformation laws for the
fields because the normalization of the generators is known from the charges of the Kerr
solution. We plan to return to the details of this question elsewhere.
5 Conclusion and outlook
In this work, we have shown that the symmetry algebra of asymptotically flat 4 dimen-
sional spacetimes is bms4, an algebra that contains both the Poincare´ algebra and the non
centrally extended Virasoro algebra in a completely natural way. As a first non trivial ef-
fect, we have computed the transformation properties of the data characterizing solution
space.
We have not analyzed in detail the singularities of the bms4 transformations nor those
of the classical solutions that ought to be allowed. Indeed, in the Bondi-Metzner-Sachs
gauge, the bms4 transformations that we are advocationg involve singularities at two
points of the sphere at infinity that extend to =+ or to =− and into the bulk. The reason
why we have choosen this approach to asymptotically flat spacetimes at null infinity is
its similarity with the Fefferman-Grahan definition of asymptotically anti-de Sitter space-
times. The appearance of the extended transformations does not depend on this choice
however. Indeed, in the geometrical approach to asymptotic flatness as developed in
[64], there is also room for the extended transformations since the quotient algebra of the
asymptotic symmetry algebra by the infinitesimal supertranslations is again characterized
by the conformal Killing vectors of the two-sphere.
More to the point, one can also consider a definition of asymptotic flatness in 4 di-
mensions at null infinity that does not completely fix the gauge, as done for instance in [3]
for asymptotically AdS3 spacetimes. Such conditions can be inferred for instance from
equation (11.1.24) of [65]. In this case, bms4 appears as the quotient algebra of allowed
transformations modulo trivial ones. By adapting the arguments of footnote 6 of [13] one
can then improve the asymptotic symmetry generators through pure gauge transforma-
tions in such a way as to remove all singularities in the asymptotic symmetry generators
at finite radius. From this point of view, the bulk singularities of the asymptotic symmetry
generators appear as an artefact of the Bondi-Metzner-Sachs gauge fixation.
We believe that our understanding of the symmetry structure and its action on solution
space goes some way in getting quantitative control on “structure X” [66], i.e., on a
holographic description of gravity with zero cosmological constant.
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What we plan to do next is a systematic discussion of the central extensions and the
representation theory of bms4 on the one hand, and a construction of the associated alge-
bra of surface charges and generators on the other. In the future, it should be interesting
to analyze in more details the consequences of our results on local conformal invariance
for the non extremal Kerr/CFT correspondence and for the gravitational S-matrix for in-
stance.
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